We have further extended the two-step approach developed by Chung and Chew ͓N. N. Chung and L. Y. Chew, Phys. Rev. A 76, 032113 ͑2007͔͒ to the solution of the quantum dynamics of general systems of N-coupled anharmonic oscillators. The idea is to employ an optimized basis set to represent the dynamical quantum states of these oscillator systems. The set is generated via the action of the optimized Bogoliubov transformed bosonic operators on the optimal squeezed vacuum product state. The procedure requires ͑i͒ applying the two-step approach to the eigendecomposition of the time evolution operator and ͑ii͒ transforming the representation of the initial state from the original to the optimal bases. We have applied the formalism to examine the dynamics of squeezing and entanglement of several anharmonic oscillator systems.
I. INTRODUCTION
Quantum harmonic oscillator, being simple and exactly solvable, has played an important role in the modeling of a variety of phenomena in many branches of physics and chemistry. However, in a certain situation, it cannot provide an accurate representation of physical system, and anharmonicity has to be introduced into the model. This is exemplified by the hole transfer problem in B-DNA double strands ͓1͔, the interaction of coherent light with nonlinear medium ͓2,3͔, and the problem of vibrational modes determination in bound systems ͓4͔. The improved modeling comes at a price of greater mathematical intractability as the resulting systems have become nonintegrable with perturbation analysis typically ending up with a series that diverges. These difficulties have motivated the development of approximation methods, such as the two-step approach, whose further development is the main topic of this paper.
The two-step approach involves a Bogoliubov transformation with an application of the variational principle, followed by the matrix diagonalization. The procedure has been shown to be capable of producing precise energy eigenvalues with fast convergence for the single quartic anharmonic oscillator system ͓5͔, as well as single ͓6͔ and N-coupled-oscillator systems with general polynomial potentials ͓7͔. In addition, by retrieving the eigenstates from the diagonalization, we show in Sec. III of this paper that this set of optimized eigenbasis will enable the calculation of quantum expectation values and entropy of the eigenstates with good accuracy.
So far, the two-step approach has been applied only to quantum static problem to yield the energy eigenvalues. Since quantum systems evolve and need not exist in their eigenstates most of the time, it is important to develop a numerical approach that enables the efficient study of quantum dynamics. In fact, many interesting subject areas, such as quantum tunneling ͓8͔, quantum decoherence ͓9͔, quantum synchronization ͓10͔, and quantum chaos, involve detailed analysis of quantum dynamical evolution in nonlinear oscillator systems. For instance, the recent study of the influence of chaos on entanglement production requires a close examination of the quantum dynamics of a pair of oscillators coupled by the biquadratic potential ͓11͔.
In this paper, we have extended the applicability of the two-step approach to the computation of quantum dynamical problems. We term the technique the dynamical two-step approach. In this approach, the solution to the quantum dynamical problem is decomposed into an eigenstructure that is expressed by an optimized basis obtained through a Bogoliubov transformation and the variational principle. In order that the approach applies to quantum dynamical problems with arbitrary initial conditions, a transformation of the representation of the initial state has to be included in the approach.
The paper is organized as follows. First, we describe the extension of the two-step approach to quantum dynamical problem in Sec. II. In Sec. III, we show that the optimized basis obtained from the approach is able to produce precise results for two quantum mechanical properties: the squeezing parameter and the entropy of entanglement, with fast convergence. In Sec. IV, we shall verify the accuracy of the dynamical two-step approach by first calculating the dynamics of the momentum uncertainty of a single anharmonic oscillator, followed by an evaluation of the entanglement entropy dynamics of a system of two-coupled harmonic oscillators with biquadratic potential. After which, the dynamical twostep approach is applied to investigate a model of experimental interest, i.e., a system of two-coupled Morse oscillators. Finally, we conclude the paper in Sec. V.
II. DYNAMICAL TWO-STEP APPROACH

A. Quantum dynamics and the two-step approach
The dynamics of a system of N-coupled quantum oscillators evolves according to the Schrödinger equation
For the class of N-coupled nonlinear oscillator systems described by a Hamiltonian of the general form
it is convenient to select the product states ͉n 1 ͘ ͉n 2 ͘ ͉n N ͘ as the basis vectors. Note that ͉n j ͘ is the eigenvector of the jth harmonic oscillator. With this basis, the matrix element ͗n 1 Ј, n 2 Ј, ... ,n N Ј ͉H͉n 1 , n 2 , ... ,n N ͘ can be easily computed. In addition, the Schrödinger equation becomes
or more compactly
Assuming that H is diagonalizable such that H = vDv −1 , with v being the matrix of eigenvectors and D being the diagonal matrix of energy eigenvalues, Eq. ͑4͒ can be solved to obtain
where exp͑−iHt / ប͒ is the evolution operator and ⌿ 0 is the initial quantum state with respect to the chosen basis. However, the evaluation of Eq. ͑5͒ up to a certain level of precision can be computationally demanding, especially when anharmonicity is present in the model. A way to overcome this is to employ the two-step approach, which we have shown to be able to determine D with fast convergence ͓7͔. In this paper, we will further extend this approach to yield a representation of v and ⌿ 0 so that the quantum dynamics of systems of coupled anharmonic oscillators can be computed with greater efficiency. The two-step approach involves a Bogoliubov transformation of the set of ladder operators a j and a j † to the new set of b j and b j † ,
where j =1,2, ... ,N, with N being the number of oscillators. Note that t j is a real parameter with the restriction ͉t j ͉ Ͻ 1, while the dagger represents Hermitian conjugation. S͑t j ͒ is the unitary squeezed operator defined as
ͮ .
͑8͒
The ground state ͉0 j , t j ͘ b of the new ladder operators can be constructed by acting the squeezed operator on the original ground state ͉0 j ͘ a ,
where j = ͑1−͉t j ͉ 2 ͒ 1/4 is the normalization constant ͓12͔. Note that the subscript on the ket indicates the ladder operator that corresponds to the number states.
The variational principle yields the set of t i that minimizes the ground-state energy,
The Hamiltonian with respect to the optimized ladder operators b i ͑which results from t i ͒ then relates to the original Hamiltonian according to the following transformation:
The combination of Bogoliubov transformation and the variational method has rescaled the Hamiltonian such that in terms of the optimized operators and basis, it now corresponds to a set of N oscillators with much reduced coupling and anharmonic potential. This has led to fast converging results on the energy eigenvalues of the N coupled anharmonic oscillators ͓7͔. In addition, we surmise that the orthonormal number state,
after the transformation is closer to the energy eigenstate of the anharmonic oscillators. In other words, the number of the tensor product state ͉n 1 , n 2 , ... ,n N ͘ b , required to approximate the energy eigenstates ͉ j ͘ of the coupled anharmonic oscillators within the same error is much smaller than that with ͕͉n 1 , n 2 , ... ,n N ͘ a ͖ as the product basis. In this sense, we say that ͕͉n 1 , n 2 , ... ,n N ͘ b ͖, is an optimized basis.
B. Eigenstates from the two-step approach
In the second step, a M N ϫ M N matrix is formed through the optimized number product basis given by Eq. ͑13͒ as follows:
with n k Ј, n k =0,1,2, ... , M − 1. The basis has been truncated at size M due to finite computational resources. Nonetheless, we have assumed M to be sufficiently large such that the calculated results converge. By diagonalizing C͑r , s͒, the eigenenergies of a system of N coupled anharmonic oscillators can be determined ͓7͔. However, we have yet to exploit the eigenvectors obtained through the diagonalization process. Indeed, the elements of the jth eigenvector of C͑r , s͒, which are represented by E sj , are the coefficients of expansion of the jth energy eigenstates of the coupled anharmonic oscillators ͉ j ͘ with respect to the basis ͕͉n 1 , n 2 , ..
whose corresponding eigenvalue is D jj . Note that the value of the index s in E sj is given by Eq. ͑16͒. In terms of the new number basis, Eq. ͑5͒ becomes
͑18͒
In this sense, the eigenvectors of C͑r , s͒ constitute an essential part in the dynamical two-step approach.
C. Transformation of the initial state
From Eq. ͑18͒, we observe that in order to obtain ⌿ t Ј, it is also crucial to determine ⌿ 0 Ј. This requires a nontrivial transformation of the representation of the initial state ͉͑0͒͘ from the original basis ͕͉n 1 , n 2 , ... ,n N ͘ a ͖ to the new basis ͕͉n 1 , n 2 , ... ,n N ͘ b ͖. The detail of this transformation is shown in this subsection.
An initial state can be expressed with respect to the original number basis in the following manner:
A n 1 ,n 2 ,. . .,n N ͉n 1 ,n 2 , ... ,n N ͘ a .
͑19͒
By substituting the completeness relation of the optimized basis,
͑20͒
into Eq. ͑19͒, the initial state in terms of the new basis is
After substituting Eqs. ͑6͒, ͑10͒, and ͑13͒ into Eq. ͑22͒, we obtain
͑23͒
Note that the operator ͑−t j a j † + a j ͒ n j has to be expressed in normal order form before we can determine the quantum expectation value a ͗2l 1 ,2l 2 , ... ,2l N ͉͑a j − t j a j † ͒ n j ͉n 1 , n 2 , ... ,n N ͘ a . With the additional factor of −t j on the creation operator a j † , the normal order form of ͑−t j a j † + a j ͒ n j cannot be obtained directly from the expression given in ͓13͔. However, by realizing that :͑− t j a † + a͒ n j :͑− t j a + a͒ = :͑− t j a † + a͒ n j +1 :
where the symbol :: denotes normal ordering, we are able to prove by mathematical induction that the term ͑−t j a † + a͒ n j in Eq. ͑23͒ can be expressed in the normal order form as follows:
Note that the symbol ͓ · ͔ means taking the value of the nearest smaller even integer. In consequence, Eq. ͑23͒ becomes TWO-STEP APPROACH TO THE DYNAMICS OF COUPLED … PHYSICAL REVIEW A 80, 012103 ͑2009͒
012103-3
B n 1 ,n 2 ,. . .,n N = ͚
where ␦ i,j is the Kronecker delta. The vector representation of the initial state is then given by
͑28͒
with the value of s determined through Eq. ͑16͒.
III. APPLICATION OF THE TWO-STEP APPROACH TO THE EVALUATION OF QUANTUM SQUEEZING PARAMETER AND THE ENTANGLEMENT ENTROPY OF THE EIGENSTATE
To begin, let us validate the dynamical two-step approach for the simplest case when the initial state is an energy eigenstate. For example, ⌿ 0 Ј is set equal to ͑E 1j , E 2j , ... ,E M N j ͒ T , with the E sj being coefficients of the jth eigenstate with respect to the optimal basis. Then, the resulting time-evolved state is a stationary quantum state, i.e.,
We shall determine the efficacy of our approach by comparing the quantum expectation values determined from such a stationary state with that obtained through analytical derivation. The results obtained are found to improve over our earlier approach based on perturbation ͓7͔. The system of interest is the two-coupled harmonic oscillator with the Hamiltonian
where x 1 and x 2 are the position coordinates, while p 1 and p 2 are the momenta of the oscillators. The coupling potential between the two oscillators is assumed to depend quadratically on the distance between the oscillators and is proportional to the constant . Physical systems modeled by such a Hamiltonian include vibrating molecules and modes of the electromagnetic field, and the entanglement properties of these systems are currently under active investigation ͓14-17͔. By second quantizing Eq. ͑29͒ in terms of b j and b j † through Eqs. ͑6͒ and ͑7͒, the Hamiltonian is found to adopt the following form:
where ⍀ j = ͑1−t j ͒ / ͑1+t j ͒. Note that we have set the values of ប, m, and to 1 from now on. By means of the variational approach, we arrive at the equation
whose solution yields the optimized value ⍀ j for j =1,2. By forming C͑r , s͒ according to Eq. ͑14͒ and diagonalizing it, the matrix E͑r , s͒ is obtained. The representation of the jth energy eigenstate of the coupled system with respect to the optimized basis is given by the jth column of the E͑r , s͒ matrix.
In particular, the determination of the quantum squeezing parameter of the jth energy eigenstate of the coupled system first involves the following calculation:
where rs is a M N ϫ M N matrix which is formed by the position uncertainty product operator expressed in terms of b and b † with respect to the first oscillator. Due to the symmetrical nature of our systems, there is no difference in the consideration of the squeezing parameter with respect to the first or to the second oscillator. In consequence, we have defined the squeezing parameters in terms of the first oscillator. The quantum squeezing parameter is then obtained by
where j,x 1 = j,x 1 / x 1 c is the normalized uncertainty with respect to the coherent state. In the calculation of the entanglement properties of the coupled harmonic oscillators ͑and coupled anharmonic oscillators in general͒, we have set N = 2 since we are concerned with bipartite systems. The density matrix of the energy eigenstate ͉ j ͗͘ j ͉ is given by the M 2 ϫ M 2 matrix,
The reduced density matrix
which is of size M ϫ M, is determined by performing a partial trace on over one of the subsystems. The von Neumann entropy of the reduced density matrix is then obtained by evaluating the eigenvalues j of ͑1͒ ,
where Tr is the trace operation. Note that S vN is known as the entanglement entropy. A comparison on the convergence rate between the twostep approach and direct diagonalization in the computation of the squeezing properties of the ground states of the coupled harmonic oscillators is illustrated in Fig. 1 . The computation is performed by truncating the basis at M =5, 10, 15, and 25. The figure shows that the two-step approach gives calculations that converge faster to the exact values ͓18͔,
where ␥ =1/ ͱ 1+4, throughout the whole range of . In addition, computation based on the two-step approach and direct diagonalization on the entanglement entropy shows convergence toward the exact analytical results ͓19͔,
ͪͬͮ. ͑38͒
Here, we have employed the basis size of M = 20, 25, and 35. As illustrated in Fig. 2 , the rate of convergence of the calculations obtained by the two-step approach is again faster than that from direct diagonalization.
IV. APPLICATION OF THE DYNAMICAL TWO-STEP APPROACH
In this section, we will apply the dynamical two-step approach to evaluate the quantum dynamics of momentum uncertainty, position uncertainty, and entanglement of several nonlinear oscillator systems. The approach will be applied to systems with known result as a check of accuracy as well as to illustrate the applicability of the approach to systems that can be expressed in the general form given by Eq. ͑2͒.
A. Single anharmonic oscillator
Let us first consider a single quartic anharmonic oscillator with the Hamiltonian
By means of the Bogoliubov transformation, the Hamiltonian can be re-expressed in terms of b, b † , and ⍀ as follows:
The application of the variational approach then leads to the following equation:
whose solution gives ⍀ . The initial state ͉͑0͒͘ is chosen to be the coherent state ͉␣͘, with ␣ = ͑x + ip͒ / ͱ 2. It can be expressed in terms of the optimized basis in the following manner:
͑42͒
When = 10, x = 0.01, and p = 0.01, we have calculated the variance of the momentum quadrature p = ͱ ͗p 2 ͘ − ͗p͘ 2 for the time-evolved state with respect to both the original and the optimized basis. The results are shown in Fig. 3 . Compared to the traditional direct diagonalization approach, the dynamical two-step method is found to give converging results at a much smaller basis size. ͪ.
͑48͒
For D e = 10 and = 0.1, the dynamics of the position uncertainty of the first oscillator and the entanglement entropy dynamics of this coupled-oscillator system are shown in Fig.   5 for the initial states ͉0,1͘ a and in Fig. 6 for the coherent state ͉␣ 1 , ␣ 2 ͘.
At t = 0, the first oscillator has a "minimum" uncertainty value of x 1 = ͱ 1 / 2 because at that moment it is in the ground state ͉0͘ a or the coherent state ͉␣ 1 ͘. As time progresses, a sharp position uncertainty squeezing is observed to occur for a very short time ͓see Figs. 5͑a͒ and 6͑a͔͒ before the variance acquires its oscillatory nature above ͱ 1 / 2. On the other hand, Figs. 5͑b͒ and 6͑b͒ show that interaction between the two oscillators, which are initially separable, has led to a dynamical production of entanglement. The maximum degree of the generated entanglement depends largely on the number of accessible quantum state, and since state ͉0,1͘ a has a larger mean energy relative to ͉␣ 1 = i / 10 ͱ 2, ␣ 2 = ͱ 2 / 10͘, it is expected to generate a larger entanglement because its time-evolved states are able to access more quantum states dynamically.
V. CONCLUSION
By means of the two-step approach, we have constructed an optimal basis set to evaluate the dynamics of general systems of N coupled quantum anharmonic oscillators. The procedure expresses both the time evolution operator and the initial state in terms of the optimal basis, whose product is deemed to give a succinct description of the time-evolved quantum states. The approach is first validated against analytical results for the squeezing parameter and the entanglement entropy of the stationary states of coupled harmonic oscillator system before being applied to investigate the quantum dynamics of momentum uncertainty, squeezing, and entanglement of three anharmonic oscillator systems. Our investigations have revealed that the dynamical two-step approach is able to produce results that are accurate and fast converging. We reckon that it will be a useful method for the studies of quantum entanglement in few-body-coupled anharmonic oscillator systems. 
